Causality, Entanglement, and Quantum Evolution Beyond Cauchy Horizons 
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We consider a bipartite entangled system half of which falls through the event horizon of an 
evaporating black hole, while the other half remains coherently accessible to experiments in the 
exterior region. Beyond complete evaporation, the evolution of the quantum state past the Cauchy 
horizon cannot remain unitary, raising the questions: How can this evolution be described as a 
quantum map, and how is causality preserved? The answers are subtle, and are linked in unexpected 
ways to the fundamental laws of quantum mechanics. We show that terrestrial experiments can be 
designed to constrain exactly how these laws might be altered by evaporation. 
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Standard proofs that non-local Bell correlations Q 
between parts of an entangled system cannot be used 
to acausally signal (transfer information) rely on quan- 
tum evolution being everywhere unitary. However, as 
Hawking Q first pointed out when he gave examples of 
non-unitary but causal maps for evaporating black holes, 
unitarity, a sufficient but not a necessary condition for 
causality, may break down in the late stages of black- 
hole evaporation. In this letter we ask: When entangled 
systems partly cross the event horizons of evaporating 
black holes (or Cauchy horizons of other, more general 
naked singularities) and partly remain coherently acces- 
sible to experiments outside, what constraints on their 
non-unitary, and possibly nonlinear quantum evolution 
would ensure causality? and: Can signaling (acausal) 
evolution be detected at large distances if it indeed does 
take place under the extreme conditions near naked sin- 
gularities and evaporating black-hole interiors? 

Why expect the experimentally well-established law of 
unitary evolution to break down during black-hole evap- 
oration? Consider, for definiteness, a pure quantum-field 
state which gravitationally collapses to form an evapo- 
rating Schwarzschild black hole (Fig. 1). Initially given 
by |\&o) on the (partial) Cauchy surface E in Fig. 1, the 
state evolves unitarily (at least in semiclassical gravity) 
during and after gravitational collapse: at any interme- 
diate time slice S, it can be written as = f/ss |^ , o)> 
where Us s is the unitary time evolution operator acting 
on the Fock space of field states. An external observer 
in the asymptotically flat region outside the event hori- 
zon has no causal communication with the interior Sbh! 
she would describe the state of the quantum field by the 
reduced density matrix 
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obtained by tracing over the interior field degrees of free- 
dom inside the horizon. As the black hole settles down 
to a stationary state on the time slice S, the mixed state 
p ox t can be shown (via non-trivial calculation |3|) to ap- 
proach precisely a thermal state pu at the Hawking tem- 
perature Th = he 3 / (8irkBGM), where M is the hole's 




FIG. 1: Conformal diagram illustrating the causal structure 
of a spacetime with an evaporating black hole (vertical lines 
on the left depict the axes of rotational symmetry). [The 
causal geometry illustrated by the superimposed blue draw- 
ing refers to the second paragraph following Eq. (15) below.] 
The spacelike hypersurface Eo passes through the collapsing 
star before the black hole has formed, E is a surface through 
the black hole just before it evaporates, and Ei atc is a sur- 
face at late times, after complete evaporation. The red line 
illustrates the Cauchy horizon H + (T,) for E or Eo; it is the 
future null cone of the "point" (really a singularity) of com- 
plete evaporation. Because evaporation is largely thermal, 
quantum evolution through H + (S) from the time slice Eo to 
the slice Ei ate cannot be described as a unitary map. 

mass. As long as the back action of the Hawking radi- 
ation on spacetime is negligible (an eternal black hole), 
matter remains in the pure state l^s), which unitarily 
evolves to become entangled with its collapsed half inside 
the emerging event horizon. But what happens at late 
times, after this back action eventually destroys the black 
hole completely? In semiclassical gravity, it is impossible 
to escape the conclusion that the state pi atc of the field 
on the late time slice Siatc (Fig- 1) is mixed: p\ a te ~ Ph- 
The resulting evolution |\&o) 1 — ► Plate cannot be unitary, 
as it maps pure states into mixed states. This inevitable 
breakdown of unitarity can only be avoided by postulat- 
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ing a remnant that persists at late times, continuing to 
carry the correlations "lost" in the state piate by remain- 
ing entangled with the outgoing Hawking radiation. 

The lesson we draw is: compared to the conditions 
encountered in local laboratory physics, conditions in 
the interiors of evaporating black holes are so extreme 
that the ordinary laws of quantum evolution may be pro- 
foundly altered |j| . What kinds of non-unitary quantum 
dynamics might govern entangled multi-partite systems 
as their subsystems cross the Cauchy horizons of evap- 
orating black holes? We argue that this dynamics must 
be probability-preserving, it can be (generally) nonlinear, 
and it must be local. The class of non-unitary maps ( "su- 
perscattering operators" ) discussed by Hawking 2] is ob- 
tained via the additional constraint of linearity. We will 
show that linearity (along with probability conservation 
and locality) is sufficient to preserve causality 0] ; acausal 
signaling is possible only with nonlinear maps. Nonlinear 
generalizations of quantum mechanics and their implica- 
tions for measurement theory and causality have been 
discussed by many authors :6j; it is not our goal in this 
letter to contribute to these developments. We adopt the 
conservative position that at most a minimal generaliza- 
tion of quantum theory — namely one that allows for the 
possibility of nonlinear quantum maps while keeping the 
rest of the formalism intact — is necessary to understand 
the non-standard quantum dynamics of black-hole evap- 
oration. There is, of course, no experimental evidence 
for quantum nonlinearity under local laboratory condi- 
tions 7]; however, whether linearity continues to hold 
under the extreme conditions of evaporating black-hole 
interiors is a question yet to be decided by experiment. 
Remarkably, a simple terrestrial experiment can be de- 
signed to probe this question as we now discuss. 

Consider the optical setup schematically illustrated in 
Fig. 2, a straightforward modification of a well-known 
Bell-correlation experiment by Mandel et. al. || The 
pump beam (typically from the output of a uv-argon 
laser) is split into two beams which interact with two 
separate nonlinear crystals to produce correlated pho- 
tons in two pairs of idler and signal beams, labeled u, x, 
and d, e, respectively. The key feature in the design of 
the experiment is the alignment of the first signal beam 
x with the second signal beam e, which makes photon 
number-states in the beams (modes) x and e indistin- 
guishable (in practice, the alignment needs to be accurate 
only to within the transverse laser coherence length). In 
the actual experiment the first signal beam x may pass 
through the second nonlinear crystal as a consequence of 
its alignment with e, but its probability of further down- 
conversion, proportional to \Vf\f2\ 2 , is negligible since 
\fi\ <C 1 and \Vfi\ < 1, i = 1, 2, where V is the dimen- 
sionless amplitude of each of the two pump-beam pulses 
(photon number oc \V\ 2 ). We shall assume that both 
nonlinear crystals produce down-converted photons in a 
fixed (linear) polarization state. The quantum state out- 
put by this configuration belongs to the Hilbert space 




FIG. 2: The Zou-Wang-Mandel interferometer [|] for the 
trans-horizon Bell-correlation experiment. Gray rectangles 
are 50:50 beam splitters, white rectangles are the two nonlin- 
ear parametric down-converting crystals with efficiencies /i, 
fi\ blue rectangles are mirrors. A phase delay is placed on 
the idler beam labeled it, and an adjustable-angle polarization 
rotator is placed on the signal beam x which is aligned with 
the second signal beam labeled e. Since both pump beams are 
blocked past the nonlinear crystals, the output state lies in 
the Hilbert space Tl u <g>Tld®'He of the signal and idler beams; 
it is monitored by the single-photon detectors Da and Db- 

H = Ti u ® TCd <8> T~t e , where the "up" and "down" idler- 
beam Hilbert spaces are generated by the orthonormal 
basis states 

H u =< {|0}„, \l) u } > , U d =< {\0) d , \l) d } > , (2) 

and the "escaping" signal-beam Hilbert space is gener- 
ated by the basis states 

W e =< {|0) e , |l)e, | - l)e} > , (3) 

where |0) denotes the vacuum, |1) denotes the single- 
photon state in the original (linear) polarization mode 
produced by the down-conversion, and | — 1) denotes the 
single-photon state in the orthogonal polarization mode, 
which is mixed into TL e by the polarization rotator (with 
complex coefficients a, b) placed along the signal beam x 
(Fig. 2). The output state can be written as 

|V) = [ |0)„|0) d |0) e 

+ ^/ie # |l)„|0) d (a|l) e + b\ -l) e ) 

+ Vf 2 \0) u \l) d \l) e }/N , (4) 
where \a\ 2 + \b\ 2 = 1, and N is the normalization factor 

n ^ ^TTWNW+W) ■ (5) 

Notice that the contributions from the signal beam x and 
from the signal beam e are coherently superposed in the 
output state |V>) along the H e -direction in H; this is the 
key consequence of aligning the two signal beams. 
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The experiment consists of monitoring the entangled 
output \ip) at the two single-photon detectors Da and 
Dg . For the purposes of our essentially conceptual dis- 
cussion in this letter, experimental inaccuracies and noise 
(detector inefficiencies, dark-count rates, . . .) are not rel- 
evant, and we will defer their discussion to a forthcoming 
paper Thus, measurement by the perfect detector Da 
is equivalent to the projection Pa = P a ® Ie> where a € 
n u ®U d is the vector a = (|0)„|l) d +i|l) tl |0) d )/v / 2 ) and a 
measurement (click) at Dg is equivalent to the projection 
P B =P /3 ®I e , where (3 = (|l) u |0) d + i|0) u |l) d )/V2. Cal- 
culation [using PA ,B = Tr(P A ,B\ip){ip\) = \\P A , slV^II 2 ] 
shows that the probabilities pa and ps of clicks at detec- 
tors Da and Db, respectively, are given by 



PA 



PB 



jvf 

2N 2 
2N 2 



[|/i| 2 + |/ 2 | 2 + 2»(i/i/ a 

[|/i| 2 + |/ 2 | 2 - m(ihf2 



(6) 



The important feature in Eqs. (6) is the interference term 
in brackets following the real-part sign SR. Notice that the 
interference is oscillatory in the controlled phase delay <j> 
and depends sensitively on the polarization angles (a,b). 

But how does the interference depend on the evolu- 
tion of the probe beam e which escapes to infinity? Let 
p u d = Tr e |'0)('^| be the output state projected on the 
"laboratory" Hilbert space TL U ® T~td- It is straightfor- 
ward to show that the detection probabilities p A , b can 
be alternatively computed via the expressions pa. b = 
T^ud{Pa, Pud)- This result is, of course, valid much 
more generally: the expectation value of any observable 
O = O u d®^ e (he. one local to the Hilbert space Tt u ®Ttd) 
depends only on the reduced state projected on 7i u ®'Hd ■ 



Tr[(0 Mrf ®I e )h/;)(V>|] =Tr ud [O ud Tr e |^)(^|] ■ (7) 

Now suppose that the output state \tp) undergoes a local 
quantum evolution (local in the sense that £ = £ u d <E> £ e ) 



£ = £ ud ®£e : \i>)(lp\ » (l„d®£e)(hWI) . (8) 

where £ e is an arbitrary, completely-positive, linear quan- 
tum map on H e -states which is probability preserving, 
with Kraus representation: 

£ e : p » E iP E * ' E E i* E i = l - > W 



where Ej are otherwise arbitrary linear operators on 
Tie- For any state p on 7i [including the output state 
p = \ip)(xj)\ of Eq. (4)], by expanding p in the form 
p = ^2 C/j, Pudr 1 ' ® j c p. S M, it is straightforward to 
prove the identity 



for any linear map £ e of the form Eq. (9) . In view 
of Eq. (7), Eq. (10) is the expression of causality (no- 
signaling; compare Eq. (15) below): As long as the evolu- 
tion of the probe beam e remains linear and probability- 
conserving, the interference pattern of the laboratory 
beams does not depend on what happens to e. The 
detection probabilities pa and ps are given by Eqs. (6) 
whether e evolves unitarily, is absorbed in a beam block, 
or otherwise gets entangled with the rest of the universe. 

By contrast, suppose that the beam e undergoes a non- 
linear, probability-conserving evolution. As an example, 
consider the evolution proposed in |To| for evaporating 
black holes, whose action on any state p S TL is given by 
(see [ll| for a detailed discussion of this map class) 



£ : p. 



%{p) 



Tr[l ud <g> T e (p)] 



(11) 



where T e denotes the linear transformation (not a quan- 
tum map) T e '. p e i — ► T e p e T e ' on states p e of H e , and 
T e : Ti. e — > Ti. e is an arbitrary nonsingular linear trans- 
formation. For simplicity, let us choose T e in the form 



(12) 



inthe{|0) e , |l) e , | — l) e } basis of H e - After the incoming 
state p = \ip)(ip\ is transformed into p* = £{p) according 
to the nonlinear evolution £ given by Eqs. (11)— (12), the 
probabilities of detection at the local detectors can be 
re-calculated using the equations P* a, b = Tr(P^ b p*)- 
The result for the interference signal pa — Pb is: 




2\V\ 2 - 

P*A - P*b = -J-ZT & [ihh {a - b) e 



(13) 



Tr e [(l ud ®£ e )p] =Ti e p 



(10) 



where N* 2 = 1 + |F| 2 [|/ 2 | 2 + |A| 2 (|a - b\ 2 + \b\ 2 )} is 
the new normalization factor. Observing a signal like 
Eq. (13) would represent a clean detection of the nonlin- 
ear map £ [Eqs. (11)— (12)] by our interferometer, since, 
e.g., the new null and maximum of the interference wih 
respect to the polarization-rotator angle 9 = arctan(6/a) 
are both shifted by 45° compared to Eqs. (6). In general, 
the interference signal pa — Pb as a function of <p and 9, 
the fundamental observable in our proposed experiment, 
constitutes a rich 2-D data set sensitive to almost any 
nonlinear evolution map affecting the probe beam e. 

If black-hole evaporation compels us to treat linearity 
as a property to be tested by experiment rather than as 
an axiom of quantum mechanics, what properties must 
hold for the most general class of quantum maps govern- 
ing quantum evolution everywhere? We now turn briefly 
to the mathematical description of this generalized class 
of maps. Full details will be found in the forthcoming 

Given a bi-partite quantum system AB with (finite- 
dimensional) Hilbert space H = Ha <8 Hb, let W(H) 
be the real vector space of symmetric operators on Ti., 
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and S(H) C W(TC) the set of all states (positive, sym- 
metric operators of unit trace). We propose that the 
set of quantum maps 9Jt(7i) consists of all smooth maps 
Eab ■ W(H) -► W(H) which map S(H) into S{H) (con- 
serve probability) and satisfy the locality condition 

£ab(p®o-)=£ a (p)®£ b (o-) (14) 

for all p 6 S(Ha) and a € S(Hb), where £a and £b are 
fixed quantum maps in WI(Ha) and TI(Hb) (called the 
local components of Eab) that depend only on Eab 
The condition for a map Eab £ 2t to be signaling (non- 
causal) is precisely that for some pab £ S(Tl) 

Tr B [£ab(/?ab)] 7^£a [Trs^s)] , (15) 

where Ea is the local yl-component of Eab- It is easy 
to prove using Eq. (14) that all local linear Eab are 
causal [non-signaling; cf. Eq. (10)]. Note also that local- 
ity [Eq. (14)] explains why phase-coherent entanglement 
of AB is essential to detect any non-causal influence of 
Eab at A when, for example, B is inside the event hori- 
zon and A is in the exterior region of a black hole: Any 
system (e.g., starlight) entangled with the external world 
will give rise to a decohered input state having the prod- 
uct form pab = PA® o~b, and evolution of such product 
states cannot satisfy the signaling condition Eq. (15) be- 
cause of the locality constraint Eq. (14). Experiments 
must carefully preserve phase-coherence of entanglement 
(as proposed in Fig. 2) to be able to detect signaling. 

If we denote the class of (local, completely positive) 
linear maps by £ C 97l(7i), the complement (nonlinear 
maps) by 9t£ = 9Jt\£, and the class of signaling maps by 
6, we have just shown that 6 n £ = {}. In we will 
give a complete algebraic characterization of nonlinear 
maps satisfying the locality condition Eq. (14), and show 
that it is straightforward to produce both signaling and 
non-signaling examples for maps in 9t£ 0; that is, 6 is 
a non-empty proper subset of 9t£. The evolution map £ 
defined by Eqs. (11)-(12) is one example of a class of local 
nonlinear maps — proposed by Horowitz and Maldacena 
in [lcj to describe quantum evolution through evaporat- 
ing black holes — that are signaling (i.e., belong to &). A 
detailed analysis of this class of maps, along with a dis- 
cussion of the motivation for them, can be found in |ll| . 

Let A = {u, d} and B = {e} for the output state 
Eq. (4) as the probe beam e is directed into the event hori- 
zon of a black hole. Suppose the evaporation of the hole 
leads to a quantum map Eab with a signaling nonlinear 
component. Would the nonlinearity cause a detectable 
shift in the interference patterns of u and dl Quantum 
field theory teaches us that the evolution of \if>) is de- 
scribed by Eab when and only when the subsystems A 
and B are contained in a partial Cauchy surface T,ab (he. 
a spacelike surface no causal curve intersects more than 
once). The blue diagram in Fig. 1 depicts such a surface 
Tiab for the causal geometry of the proposed experiment. 
If the ultimate causal structure of the evaporating quan- 
tum black hole remains the same as given by the classical 



metric (Fig. 1), the singularity is a final boundary, e will 
propagate unitarily before it disappears into the singu- 
larity, and no signal will be produced (effectively unitary 
Eab)- If, on the other hand, e re-emerges as Hawking 
radiation following evaporation [i.e. if the singularity is 
effectively a part of H + (S) in the quantum spacetimc], 
then a detectable signal will result. Conversely, the likely 
null outcome of the experiment can be used to place pre- 
cise upper limits on the strength of any signaling non- 
linear component in the effective quantum map Eab of 
evaporating black holes. An easier to obtain, but per- 
haps less interesting, result of the experiment would be 
to place novel limits on possible nonlinearities 0,0 in the 
quantum evolution of the probe beam e as it propagates 
through free space. 

Environmental decoherence of the probe beam at large 
distances (as well as possible rapid fluctuations of the 
putative nonlinearities inside black-holes) places funda- 
mental limits on the visibility of the interference signal 
in our proposed experiment; a detailed analysis of these 
limits will be given in 
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